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1. Problem formulation
Gray medium contained between two diffuse/gray parallel plates.

g

Absorption and scattering
coefficients independent of &
the spectral frequency.
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Heat transfer by phoﬂtons as well as by photorﬁtarrier and carrierﬂ-carrier interactions
Radiation Radiation-Conduction Conduction

Goal of our work: Heat flux = g=¢q, + q.= ?
To analytically solve for:  Temperature = 7(z) = ? 2




Radiative Transfer Equation (RTE)
lo(§) =n*cT*(&)/m

Radiation intensity

(= Blackbody intensity

£ =Kz 91 = o 1
ot s | g =SE) = (1= () + 5 | 16 wdu| 1 =cos®)
o M M -
&}Extintion coefficient So{u/';ce \=> Scattering albedo: Q = ks/k
1
Radiative heat flux:|q,(§) = 27 /1 [&, wypudu
Temperature: S 1 L
, ' &) =5 [ 1§, wdu+ —q;(§)
(Obtained after 2 J 1 4
integrating the RTE Q2

Conductive heat flux: |(c(§) = —«kdT /d& Q:) In absence of heat conduction:

Total heat flux:

(Principle of energy conservation)

qr (&) + q-(§) =constant

S(§)=1p(§)

(Chandrasekhar’s result)



Outline

1. Integral solution of the RTE
Formalism reported by Modest

2. Pure radiative heat transfer

Discrete ordinates method (DOM)
Integral solution+DOM

Results for 7(z) et g

3. Radiative-conductive heat transfer
DOM

Integral solution+DOM

Results for 7(z) et g



1. Integral solution of the RTE

N
I*(S,u«)=j

5 :
#e—é/u n % / S(ENe G5VdE' = 0<p<1
0

I~ (£, t) = -%e(r—é)/u . %[S 5(5’)e(5'—5)/“d§’l:>—1 <u <0

- JT=7T1(0,/U » o
Radiosities- Radiative heat fluxes leaving the diffuse gray surfaces
&> Independent of .

Radiative heat s 060 _ g, ) s (- 6) + [ 6B e ~ 80"

- L J(EE (&' — £)dE",

Temperature: 2](£) = 2 (&) +J{E2(§) +J Ex (T — £)

J(§) = wS(E) i
+ fo J(ENE1 (€ — E])dE’

1
E, (a) =f xN"2e=a/X gy
0

S



Normalized heat flux and temperature

Following Modest’s book: [Q(§) = ?Lr (5)_ U¢) = ](i) _{2—
=) T =)
Radiative heat flux: % =E3(§) - % /Ot U(E")Es(1" —&|)d§’

Temperature: 2U(€) = 5Q/(§) +E:6) + [ UE)E(E' ~§1)dg’

&;> Fredholm’s integral equation
(unknown analytical solution)

Approximate analytical methods Numerical methods

Successive approximations
Spherical harmonics
Discrete ordinates g
Monte Carlo

Optically thin/thick approx.
Schuster-Schwarzschild approx.
Milne-Eddington approx.
Moment/variational methods
Exponential kernel approx.




Boundary COIlditiOllS Energy balance
1 1
27 [ (e ppdn = (1 - )2 [ P opdp+ edo(r)
0 0 I" (T, ,Ll) I~ (T, _M)
1 1 I+(0, ,Ll) I~ (Or —,Ll)
27T/0 [0, pypdp = (1 - 81)27T/0 [7(0, —p)pdp + €1Jo(0) i

Jo(§) =mlp(§) =n*0T*

= (et = ] [ede(©) Y1 =(>1-)Q(0)

—V2 &+ ||| | &2o(T) Uy = (1 —85)Qr(T)
@ Q@

o) —Jo() = f(z) (Flux)

0@ (@) _ P
Jo(0) _]O(T)f'(f) =U¢) + 4(1 = Q)Qr(f) + (82 1)Q(7) (Temp)

S F(r) =1+ (7' — 1)Q(0) + (5" — 1)Q(T)
Remaining problem:

Radiative heat flux:

Temperature:




Outline

1. Integral solution of the RTE
Modest’s Formalism

2. Pure radiative heat transfer
Discrete ordinates method (DOM)
Integral solution+tDOM

Results for 7(z) et g

3. Radiative-conductive heat transfer
DOM

Integral solution+tDOM

Results for 7(z) et g




2. Pure radiative heat transfer (vacuum problem)

No heat transfer by the interactions of the medium energy carriers

q

Q Qr(§) = Q = constant

n2o (T14 —

T}  1+(s7'+&"'-2)Q

TY¢)-T}  UE)+(e5'-1Q

TA-Tf 1+ (7 +65 - 2)Q

|::>Q’g§)

= 2U(£) = E5 (&) + /OT UEE (1" —&)d§’

d [T -
=Eg(5)—Efo UEDEs (8" = EDdE™ | b S derived by

M. Modest.

Limiting solutions:
Optically thin medium (7 < ): Q!'=1+3t/4 Modest, Majumdar, Chen.

Optically thick medium @ > 1): Q = (4/3)/(1.4210 + 7) Heaslet and Warming
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Discrete ordinates method (DOM)
This method developed by Chandrasekhar is based on the Gaussian quadrature:

2

1 T 1=0,2,4,...

/ F(,u)d,u_zanF(,un ) = F(u) =p' = 3 iy = .
V-1 O, 1=1,3,5,...

|
(n = d-n  Split of the integration interval —1<u<1 of an arbitrary function
H—n = —[n F(p) in 2N symmetrical directions.
al(§, Um) 1

RTEI:> [&, tm) + m Zanl(s MUn)| m=+1,42,...,£N

&

System of 2N linear differential equations

ﬂSolution first derived by Chandrasekhar.

Nl 8¢ ~8j(7—£)
e “Is e “ .

G, )= | §+B -+ D-( - )
|: 12:1: L 1 —/,L(Sj 1+,LL8}'
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DOM solution for the temperature and heat flux
Temperature equation Heat flux

e Mg

210 (&) —Zanl(s fin) q(é)—znzanus Hn) [An

———-—-

N1 \\ 47T
(&) = |:§+,3"+ZD( .ew@)} aE) =2

'
-

———————

&:) Series expansion of an unknown function p(¢).

hE)=d'|E+B +y (&) -pr-§)]  UE) = @& -])/JF —15)

UE)=1-a[E+B+y(pE)—p(T —£))]
N 3 1

_a:ZQ: T+2p

General solutions of the Fredholm integral equations in terms of the parameters f(7)
and y = y(t) as well as of the function p(¢). 11

i—) Independent of position!



Solutions for f(7), y = ¥(), and p($)
=) Fredholm integral equations at £ = 0:

Q=1 —2/0 U(§")Ex(&")dE’ 2U(0)=1+fOTU(€’)El(S’)dS’

1 —E>(7)
1/2+E5(7)

x|[B@]_[12-EB@]
Glly@ | T |13+E@]| W

X =200 ~p©) =G G = [ [pE) - p(x - )IEn(E)dE
=) Fredholm integral equation for the temperature at & — o:
yub(§) = —PuFa(§) +Ex(§) + v | PEDENIE —EDdE" @)

L yeop(€) = boE2 (€) + coF3 (&)

Decomposition on the base of E,, E;, ...

=) From (1) and (2): Yoo = 1
1

Poo + (2 —I12)bo + (1 —I13)co = 5

o0 1| | B 1
'87 + obo + [3¢p = 3 'BT — I)3bg — I33¢ = 2

Im = / En(€)En(£)de  [Boo = 0.71047, by = —0.25082 and cg = 0.23526
0
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Summary of the solution

q _ Q T4E)-TF U@ + (' —1Q
2o (TE-T}) 1+ (7' +6'=2)Q] | TI-T} ~ 1+(s;'+5,1-2)Q
UG) =1-als+B+y(pE)—pT—§))
Ta=>0=_ 1-Em  x|[B0]_[12-E(1)
R R 1/2+E3(t) G||y(D) | [1/3+Es(D)

P(&) = boEy(€) + CoE3(£)] bo =—0.25082 and ¢ = 0.23526

Remark: q = k.s¢(Ty — T)/d

20 (T; + T) (T2 + T2)d
eT' +e5' —24+32B8+1)/4

Effective radiative conductivity

Kepr =

Radiative transfer parameters

0.65 F——mr i e
107 107 107 107! 1 10
Optical thickness, 7 13



| Y
Heaslet and
Warming model [17] \

51=82=1/_2

S
\®)
]

6‘1:6‘2/3:1/4

Normalized heat flux, g/n°c(T{-T;)

0.0

S > Modest model [2] |

T
Optical thickness, 7

107

Excellent agreement with the
predictions (dots) of the Monte Carlo
method, for a large interval of optical
thicknesses 7.

=

o

S
o

0.0

Solutions 1

=) Excellent agreement with the

numerical predictions (dots) of the
Monte Carlo method, for different
emissivities.

|

0.2 0.4 0.6
Normalized position , z/d



& =35 =3/4

T T T

Lv—i
= 0.8 =TS = === e
H(\l
T: 0.6
g i
g 0.4-  — = 100
) y ——7=10
Q. i :
= i — =1
3 0.2- i ——17=0.1
= 0.19) — 7=0.01 (b)
g 0.0 . :I . T . T * T *
s 0.0 0.2 0.4 0.6 0.8 e
z Normalized position , z/d

Excellent agreement with the
numerical predictions (dots) of the

Monte Carlo method.

Solution 2

1::) Excellent agreement with the
numerical predictions (dots) of the

Monte Carlo method.

6‘1:82/3:1/4 0.815

0.2 0.4 0.6
Normalized position , z/d

0.8




Outline

1. Integral solution of the RTE
Modest’s Formalism

2. Pure radiative heat transfer
Discrete ordinates method (DOM)
Integral solution+tDOM

Results for 7(z) et g

3. Radiative-conductive heat transfer
DOM

Integral solution+tDOM

Results for 7(z) et g
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3. Radiative-conductive heat transfer
=) Discrete ordinates solution:

U)=1-A[§ +B+CQ(p23(§) — pas(t —§))] Al =1 4+2B

Q&) = (1 =301~ (D) + Dsa(t ~E)]  P3€) = Py E)

—> From integral equations:
[ 1 —E5(1) x][B(r)] _ [1/2—53@)]
124+ E3(r) T [|C(r)| |[1/3+E4(T)

P23(§) = bE2(§) + cE3(§) D34(§) = bE3(§) + cE4(§)

— 1 2—9112 1_52113 B
2 B 1/2
1/2 1—Q+g2122 5(1 —Q)+§2123 b — ]/3
_ C 1/4
| 1/3 %(1 — §2) — QI3 %—9133 B /
00 bao=b(2 =1
[ f En(&)Em (£)dE L, Po=pt2=1)
0 co=c(2=1) 17



Heat flux and temperature profiles 1
i—> From Eqs. (Flux) and (Temp):

&) Q& E)
n2o (TA-TF)  f(0)

T4(‘_§) _ T24

T14 B T24

f(r)=1-AE+B)+ (&5 - 1)Q(7)

f(r)=1+ (7" +&5' =2)Q (1)

i—)> Corrected temperature

profile:

qc(§) = —kkdT (§)/d§ = qt — qr(§) = ¢ — (Jo(0) —Jo(7))Q-(§)/f(T)

g

Fourier’s law Constant (Energy conservation)

q@E  4An%o (T - T,

T(S):ﬁo—mﬁ‘

3kk f(T)

(e +30(E)]

= Integration constant

V() =(1-R)C(pss5(§) — pas(t —§))

i—)> Boundary conditions:

T(0) =T,

T(t) =T,

Pas(§) = bE4(§) + cEs(§).
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Heat flux and temperature profiles 2

Total heat flux
k 4 nlo(T}-T)) W(T)
Conduction Radiation CouI')ling
Temperature

4 n2o (T4 —T4 26
1) =Th-( _Tz)§+ ke F(7) : Gr(izs 2 [W(SH (1 _T)WT)]|

S
EaN
1

—Q=0 A

Effective thermal conductivity

20 (T, + L) (T2 + 12)d(1 + 6% (1)/7)
(e7'+6' =2)(1=-3x)+3(2B +1)/4|.

e
W
1

Kepr = k+

o
o
1

Relevant for optically thin

media without scattering:
Q=0

i—) In absence of absorption (Q=1):
L
Optical thickness, T

o
[a—
|

Characteristic function, 6 y(t)/T

[N
o
o




1007 g=¢~=1
(Q=0,n=1and T, =Ty/2

[Em—Y
S
1

[E—

Normalized heat flux, g/ JT‘Il

10" i
ﬂ Coupling parameter, N = kx/4 O'T‘l1

0.1 ==

10°

—
o

Weak heat conduction: Total heat flux
nearly independent of V.

<
Ne

<
o0

* Boundary discontinuities in absence
of heat conduction (N = 0) only.

* Excellent agreement with the
numerical predictions (dots) reported
by Modest. 0.5

)

Normalized temperature, 7/T,

[E—
()

Results

I:{) Excellent agreement with the

numerical predictions (dots) reported
by Modest.

Accuracy > 99.9%
(1 — |1 — Sana/Snum|)Xx100%

T=1,Q2=0n=1and T, =T;/2
&=&=1

|

- —— N=0.1
| ——N=0

00 02 04 06 08 1.0

Normalized position, z/d 20



Conclusion to take home

The discrete ordinates method can be used to analytically solve the RTE

with an accuracy higher than 99.9%.

Discrete ordinates method for

Integral equations for g and T’ gand T

T

Find the unknown parameters

Solution for
qgand T

Jose Ordonez-Miranda, Denis Lemonnier, Youn¢s Ezzahri, Karl Joulain

Applied Mathematical Modelling 56 (2018) 51-64
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